
7 = space time 
Su brcriptr 
f = final conditions 
i = component of vector 
o = initial conditions 
opt = optimum 
Superscripts 
i = iteration number 
t = transposition operator 
- = rough estimate 
(0)  = initial estimate 
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Liquid Bridges Between Cylinders, in a Torus, 
and Between Spheres 

MICHAEL A. ERLE, D. C. DYSON 
Rice University, Houston, Texas 

and NORMAN R. MORROW 
Esso Production Research Company, Houston, Texas 

The stability of a capillary liquid bridge of given volume between two small, solid, equal, 
separated spheres is investigated by formulating and treating a minimum energy problem in 
the calculus of variutions and by experiment. A conjecture is made that in the case of two 
solutions one and only one is minimizing, and that the case of one solution represents the 
limiting stable bridge. This theory agrees accurately with our stability experiments. Further- 
more, it is possible to predict the cohesive force. For the case of spheres in contact, the 
theory presented here is in agreement wi th  some experimental work and also with the theory 
of Fisher and calculations of cohesive force based on Melrose and Wallick's solution to  the 
bridge problem. For the case of separated spheres, the agreement with the only ovailable 
experimental data is excellent except for close separations. 

Recently there has been a revival of interest in the 
classical problems (4, 17) concerning the configuration of 
a mass of liquid which bridges a gap between solid sur- 
faces, being supported by capillary attraction. These liquid 
bridges are concepts in theories of oil recovery from porous 
media, adsorption hysteresis in porous adsorbents ( 7 ) ,  
capillary condensation (13), particle sedimentation (18), 
soil properties (1 O ) ,  and space exploration. At the present 
time very few exact solutions to liquid bridge problems 

M. A. Erle is deceased. 
N. A. Morrow is with the Petroburn Recovery Research Institute, 

University of Calgary, Alberta, Canada. 

have been obtained; for example, the cylinder between 
flat plates (1). 

One system which has received considerable attention 
is that of two solid spheres, either in contact or slightly 
separated with a liquid bridge held between them by 
capillary attraction, under conditions where gravitational 
forces may be ignored. The force required to hold the 
spheres apart has been measured by Mason and Clark 
(13)  as a function of separation, from contact until break- 
age of the liquid bridge. When the separation of the 
spheres is increased slowly, the meniscus displaces until 
a certain critical bridge configuration is attained, at which 
stage the bridge becomes unstable and snaps. 

The neck diameter of this criticai bridge is unquestion- 
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ably greater than zero. We have determined experimen- 
tally the relation between the sphere separation and the 
minimum neck diameter and have developed a theory. 
The theory is at the moment incomplete; however, by 
adding to it a plausible conjecture, we have been able to 
explain adequately both our experimental observations 
and those of Mason and Clark ( 1 3 )  for large separations. 
The particular case of spheres in contact has been treated 
before. In this case our results agree with the work of 
Fisher (9) and of Melrose and Wallick ( 1 5 ) .  

There is a strong resemblance between our theory for 
bridges between spheres and the complete theory which 
has been worked out for bridges between two flat, round 
plates by Beer ( 2 ) ,  Howe (12), and Hormann ( 1 1 ) .  In 
Howe’s work the analog of our conjecture is the conjugate 
point criterion of the variational calculus. 

We will also present the corresponding theory for a 
solid torus with a liquid in its hole and for two infinite 
separated solid cylinders with parallel axes. In these cases 
the theory is complete and in the case of the torus in 
agreement with experiments made by Plateau ( 4 )  and 
confirmed by our observations. 

THEORY 

We will discuss the problems in increasing order of 
difficulty. In all cases we ignore gravity and other body 
forces; use a continuum theory; and assume constant tem- 
perature, interfacial tensions, and densities of the fluids 
and solids. The surf ace tension becomes appreciably curva- 
ture dependent for pure substances only when radii of 
curvature approach molecular distances (16) when the 
continuum hypothesis also starts to fail. We are concerned 
with distances intermediate between these and those for 
which gravitational effects need consideration. Our main 
interest will be in the zero contact angle but we will 
remark in passing on cases of nonzero contact angle. The 
method employed is to formulate a problem of minimiza- 
tion of an energy integral, subject to the isoperimetric 
constraint of constant fluid mass, whose Euler-Lagrange 
equation is the static force balance equation and whose 
transversality conditions are equivalent to the contact 
angle statement. 

If one is not interested in carrying the analysis beyond 
this, that is, beyond the theory of the first variation, then 
this energy approach has no advantage over the commonly 
used approach (9, 14, 1 8 )  which starts from the force 
balance, contact angle statements, except that a physical 
basis is provided for the contact angle ( 5 ) .  The force bal- 
ance equations are equivalent to the statement that the 
interface be a surface of constant mean curvature. Now, 
Plateau ( 4 ,  17) pointed out long ago that all stable liquid 
bridges are surfaces of constant mean curvature (with 
the possible exception of extremely thin films), but that 
there exist surfaces of constant mean curvature, the form 
of which cannot be taken by the interfaces of any stable 
liquid bridge. In other words, if a liquid bridge of such 
a type is set up, then, although its surface is such that it 
satisfies the static force balance equation and the contact 
angle is correct, it will spontaneously transform into an- 
other figure; for example, a cylinder whose length/diame- 
ter ratio exceeds z between fixed circular end plates will 
break up (1, 4 , 1 7 ) .  

It  seems reasonable to suppose, then, that unless the 
energy integral is actually a local minimum (subject to the 
isoperimetric constraint) for a given surface, this surface 
cannot correspond to the interface of a stable liquid bridge. 

For infinite cylinders and for the torus we will find 
bridging surfaces which truly satisfy all requirements of 

I Y  

Fig. 1. Section through liquid bridge between infinite cylinders or 
in the hole of a torus. The shaded part is the liquid. 

the minimization problem (at  any rate on the basis of 
certain symmetry assumptions). The case of the two 
spheres is much more difficult. We will consider the totality 
of extremals (that is, integrals of the Euler-Lagrange 
equations) and show that for given sphere radii, separa- 
tion, and bridge volume there are either two extremals, 
one extremal, or no extremals. Experiment supports the 
conjecture that in the case where there are two, one and 
only one is minimizing, and that in general the cases where 
there is only one represent the limits of stability. 

We have assumed that the liquid density is constant so 
that the isoperimetric constraint becomes a constant liquid 
volume constraint. For the systems we have in mind this 
is very reasonable, although there are situations of physi- 
cal importance where such an assumption would be in- 
valid (14) .  

Two Infinite Separated Cylinders 

We will assume that the liquid bridge is cylindrical, 
that is, its intersection with any plane normal to the axes 
of the solid cylinders will always be the same (curves AB, 
A’B’, Figure 1). Now we are considering a liquid-solid 
system such that a drop of liquid placed on a solid surface 
will spread all over the surface. The continuum hypothesis 
implies that this will be the case, however small the drop 
or large the surface. Suppose we have a liquid bridging 
the gap, as shown in Figure 1. Then the entire surfaces of 
the cylinders will be covered, although to the left of AA‘ 
or to the right of BB’ the covering will be taken to have 
zero thickness. The question to be resolved is: “What is 
the shape of the curve AB’? We will assume also that the 
curve A’B’ is the mirror image of AB in OP. 

Because of our assumption about the cylindrical shape 
of the liquid bridge, we may conclude that the curve AB 
must have such shape that the total surface energy per 
unit length (perpendicular to the paper) i s  a local mini- 
mum subject to the constraint that the bridge area 
(shaded region) is constant. We will solve this minimum 
problem by finding the global minimum. The global mini- 
mum is certainly a local minimum, and in this case there 
are no other local minima. 

Because the solid surfaces are everywhere in contact 
with liquid (even though the liquid thickness is arbitrarily 
small in some places), the surface energy per unit length 
of the liquid-solid interface may be ignored. The energy 
to be minimized then is the liquid-gas surface energy per 
unit length which is proportional to the length of the curve 
DABCB‘A’D. If this is minimum, then certainly it must 
be minimum within the class of variations which leave in- 
variant the points of attachment AB and A’B’. This is then 
equivalent to asking for the curve AB of minimum length 
which encloses given area (see Figure 2) (suppose this 
area is a) together with the chord. We will show that 
this curve AB must be the arc of some circle. Complete 
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the circle as shown; then this circle is well known to have 
the shortest perimeter possible for a curve enclosing the 
area A + a. Hence the assertion is correct because other- 
wise you could improve on the circle by altering the lower 
curve. It can also be shown that this minimization requires 
that the bridge must meet the solids with zero contact 
angle and that a bridge for which AB, A’B’ are arcs of a 
circle and for which the contact angle is zero does have 
minimum energyhnit length. Furthermore, the surface 
satisfies the force balance as a requirement of the mini- 
mization problem. 

The reader will note that the above proof merely re- 
quires that there be sufficient area for the distance d in 
Figure 1 to be greater than zero. In other words, there 
will exist stable bridges with arbitrarily small necks, in 
contrast to the case of two spheres. 

Torus 
In this case we assume symmetry of the bridge about 

the axis YY’ of the torus Figure 1. The surface generated 
by revolution of the curve DABCB’A’D about YY’ must 
be a local minimum subject to its volume of revolution 
being fixed. 

Fig. 2. Diagram to illustrate minimizing property of a segment of a 
circle. 

Y 
t I 

+X  

Fig. 3. Symmetrical liquid bridge between equal solid spheres with 
zero contact angle. 

As with the case of two cylinders we will find the global 
minimum; it is easily shown that the surfaces AB, A’B’ 
must be spherical. (The theorem we need is that the 
sphere has minimum surface area of all surfaces which 
enclose a given volume.) I t  can also be shown in this 
case that in order for the surface of revolution to have 
minimum area, the contact angle must be zero, and that 
the above conditions are sufficient as well as necessary, 
that is, spheres with zero contact angle minimize the 
energy. 

Once more, in contrast to the case of the liquid bridge 
between spheres we have stability for all positive d, how- 
ever small. One may treat the case of a nonzero contact 
angle by formulating a slightly different minimum prob- 
lem. As the reader might expect, it turns out in this case 
that the liquid-air surfaces are spherical caps; for the two 
cylinders discussed above one also gets circular arcs. 

Two Equal Spheres 

R. Define dimensionless distances 
The Variational Problem. Consider two spheres of radius 

X = x / R  and Y = y/R (1) 

Figure 3 represents the two spheres joined by a bridge, 
the surface of which is assumed to be generated by the 
revolution of arc CAC” about the axis DD’. For this 
case in which the liquid wets the entire solid surfaces, 
we must find for what values of Xa and V there exists an 
arc CAC” which generates a surface of revolution whose 
area Q is locally minimum and which, together with the 
spherical surfaces, encloses the liquid volume 2nR3 V .  In 
terms of dimensionless quantities this is equivalent to a 
minimization problem for the integral ( 2 )  subject to the 
integral constraint (3) .  

S = Q/4nR2= - s Y d l +  Yz dx ( 2 )  
1 xD, 

xD 

V = liquid bridge volume/2?rR3 = 1 
2 

Y2 dX - 413 

( 3 )  

where we use Y to represent the derivative of Y with re- 
spect to X .  

If Y ( X )  is minimizing then the first variation of the 
integral ( 2 )  must vanish for all variations which do not 
alter the integral (3). Because the spheres are equal this 
means that the liquid bridge will be symmetric about the 
plane AA’ in Figure 3, so an equivalent condition is -that 
the first variation of the integral 

XR 
2 

+ Xc + - ( X c  - X c 3 / 3  - 2/3) (4) 

vanish. 1 is a Lagrange multiplier. I t  niay be shown that 
this requires that the bridge meets the sphere at C with 
zero contact angle, the slope of C A  is zero at A, and the 
Euler-Lagrange equation is satisfied by Y ( X )  . Because the 
integral in Equation (4)  does not depend explicitly on X ,  
this latter equation has an integral: 

( 5 )  
2Y 

- + X R Y z = B  
g1+ Y 2  

There are two other properties of the minimizing function 
Y ( X )  : it satisfies the Weierstrass necessary condition and 
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the condition that the second variation be non-negative. 
The former is the same for this problem as for the case 
where spheres are replaced by parallel coaxial end plates, 
and has been shown by Howe and Hormann to be satis- 
fied by all extremals so it provides no stability criterion. 
The condition on the sign of the second variation was 
shown by Howe to give the stability result for the flat end 
plate problem, and also to have a geometrical interpreta- 
tion. For the sphere problem the second variation criterion 
has not yet been resolved. However there is experimental 
evidence that supports a geometrical criterion to be dis- 
cussed later, which is analogous to Howe's. 

The Mechanical Problem. We now make a force balance 
on an element of the bridge and show that this leads to a 
differential equation equivalent to Equation (5). In this 
way we are able to identify the constants h and B of 
Equation (5) with physical quantities. 

Consider two planes perpendicular to DD' in Figure 3 
cutting the bridge at Z and A. Then if the forces acting 
on the resulting bridge segment in the X direction are put 
in balance, the following equation is obtained: 

R(P2 - P1) 
y2 = YA2 + 2YA 

2Y R(P2 - PI) + 
d( l+  Y Z )  Y Y 

(6) 

Now employ the equation for mechanical equilibrium 
at the meniscus (8) 

where J is the mean curvature at the surface and is de- 
fined in terms of the principal radii of curvature rl and r3 
by the relation 

1 1  J=-+- 
r1 r2 

[Equation (7) can also be derived without explicit re- 
course to thermodynamics by differentiating Equation (6) 
with respect to X ,  and thus obtaining an equation in which 
( P g  - P , ) / y  equals the sum of two terms well known as 
the principal curvatures of a surface of revolution (14) .] 

Equations (5) and (6) both describe the arc CA. Com- 
paring these equations and using Equation (7) ,  we obtain 

and 

(8) 

h = J  

B = J R  Ya2 + ~ Y A  

Evaluating Equation ( 5 )  at C (recalling that the contact 
angle is zero) and using Equation (9), we obtain 

(9) 

B = ( 2  + J R )  Yc2 (10) 
Now, if we calculate the cohesive force acting on one of 
the spheres (surface tension plus pressure difference) we 
see that it is just TRYB. We define the dimensionless co- 
hesive force F by F = B/2 .  

Numerical Integration of the Euler-Lagrange Equation. 
I t  can be shown ( 3 )  that all integrals of the Euler- 
Lagrange equation satisfy Equation (5) and all integrals 
of Equation ( 5 ) ,  other than Y = const., satisfy the Euler- 
Lagrange equations. Numerical integration of Equation 
(5) starting from the point X A ,  YA is to be avoided, be- 
cause at that point the Lipschitz condition is not satisfied 
and for all values of J R  the equation is satisfied by Y = 
const., which of course only satisfies the Euler-Lagrange 
equation for ] R  = - l / Y A .  For this reason we express B 
in terms of Yc by use of ( l o ) ,  substitute in ( 5 ) ,  and solve 
for Y, obtaining 

This form of the first integral of the Euler-Lagrange 
equation is integrated for chosen values of J R  and 9, 
Boundary conditions at C are specified by 9 because YC = 
sin + and X C  = cos $ (see Figure 3) .  Integration is stopped 
when the boundary condition at A is met, that is, Y = 0. 
A predictor-corrector integration scheme is used employ- 
ing Euler's method as the predictor and the trapezoidal 
rule as the corrector. Along with X A  and YA, the quantities 
V and S were computed for each integration. The follow- 
ing checks were made on the integration procedures: 

1. Independent calculations were made of Melrose and 
Wallick's (15 )  solutions for spheres in contact (see Figure 

2. When ] = 0 the bridge becomes a catenoid, and its 
equation is readily found in closed form (see Appendix), 
so that the numerical results can be compared with ana- 
lytical results in this case. 

3. The behavior of the numerical solution was studied 
as a function of step size to determine the stability of the 
method over the range of J R  and 9 considered in this 
study. 

4. Expressions for bridge parameters in terms of elliptic 
integrals were obtained using a transformation first given 
by Woodrow, Chilton, and Hawes (18). The case of an 
arbitrary contact angle is treated; for formulas see the 
Appendix. Bridge parameters calculated in this way agreed 
well with those calculated using the numerical integration 
scheme discussed above. 

From these tests we conclude that the results of the 
numerical procedure (expressed in terms of X A  - X , )  are 
not in error by more than four parts in 10,000. 

4) .  

DISCUSSION 

Torus 
Plateau ( 4 )  performed experiments with a liquid mass 

removed from the influence of gravity and placed inside 
a short, hollow, circular cylinder. He found that the two 
free liquid surfaces took the shape of twin spherical con- 
cavities. When sufficient liquid was withdrawn from this 
mass the spherical surfaces almost touched. Further with- 
drawal of liquid resulted in the formation of a thin flat 
film where the two free surfaces came closest together. 
Plateau pointed out that this figure no longer had the 
property of constant mean curvature over its entire surface. 
(Whether this is due to nontrivial flow fields is not 
known.) We have observed the behavior of a drop of 
acetone placed in the hole of a small wire torus. As the 
bridge volume is reduced by evaporation, one observes 
similar phenomena to those reported by Plateau. The cen- 
tral flat film gets thin enough for interference c&rS to bk 
observed in it (when illuminated by white light). Thus 
stable bridges exist in the hole of a torus with extremely 
small neck thicknesses in accordance with our theory. 

Dichotomy of Solutions for Bridges Between Spheres 

In order to calculate the equation for the curve describ- 
ing a liquid bridge given the sphere radius, the separation, 
and the liquid volume, we first compute a map of solutions 
to the Euler-Lagrange equation for a rectangular grid of 
values of J R  and $. Values of J R  between -2 and +23 (in 
increments of 0.2) and values of JI between 0 and 40 deg. 
(in increments of 5 deg.) were used. The lower limit of 
J R  is a natural boundary, because for J R  = -2 the soh- 
tion to the Euler-Lagrange equation is a sphere of radius 
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R (that is, the bridge degenerates to two films, one at- 
tached to each sphere) and for smaller values of the curva- 
ture the (zero contact angle) solutions lie inside the solid 
spheres. 

By means of interpolation and classification we develop 
from the grid of solutions subsets of solutions whose 
elements all have the same volume and other subsets 
whose elements all have the same separation. Some of 
this information is presented in Figure 4 in which these 
subsets are labeled curves of constant volume and con- 
stant separation, respectively. Now, when we try to locate 
a solution having a volume of, say 0.005, and a separation 
specified by X A  = 1.15, we find by looking at the map 
that there are two distinct solutions (Figures 4 and 5 ) .  
For other values of the parameters such as V = 0.001 and 
X A  = 1.10 we see that there are no solutions. 

Suppose now we consider the separations of bridges 
along a curve of constant volume. There will be one solu- 
tion on this curve which has greater separation than any 
other solution. If we call this separation XIIIPx, then this 
solution of maximum separation is located at the point of 
tangency of the constant volume curve with the curve of 
constant separation corresponding to X A  = X,,,. By con- 
sidering all constant volume and constant separation 
curves we define a locus of tangency which is plotted 
approximately in Figure 4. We have plotted this line 
by drawing a curve through all the points of greatest 
separation on the constant volume curves (which are also 
points of least volume on some constant separation curve). 
Note that all solutions lying on the locus of tangency are 
unique, and that if two distinct solutions have identical 
volume and separation one must lie to the right of the 
locus of tangency and one to the left. 

We have not yet established the subset of solutions to 
the Euler-Lagrange equation whose elements represent 
physically observable liquid bridges. However, in the dis- 
cussion of experiments perfoimed on liquid bridges a 
plausible criterion will suggest itself for the elimination of 
some of the solutions. 

EXPERIMENTS WITH SPHERES 

The minimum stable neck diameter of a liquid bridge 
between two spheres was measured for various sphere 
separations. Two chrome-steel ball bearings of 4.775 mm. 
diam. were selected for roundness and cleaned with ace- 
tone. The spheres were seated over 2.5-mm. diameter holes 
drilled in a Lucite plate. The holes were spaced so that 

CURVES OF CONSTANT V a V M F  v 

__ CURVES OF CONSTINT SEPARATION xA 

A MELROSL'S SOLUTiONs FOR x1 :lo 

7 + toe H P  + 8 E  * L O  t 7 4  i Z B  * , I  t16 * * o  

MEAN C U R V A ~ U R E  JR + 

Fig. 4. Curves of constant volume, or constant separation in the fill- 
ing angle mean curvature plane. The heavy line is the locus of 

points of contact of curves of the two families. 

the distance of separation between the spheres could be 
changed by increments of about 0.05 mm. With the two 
spheres in a set position, a drop of r,-heptane was intro- 
duced to form a liquid bridge between the spheres. The 
heptane spread on the steel surface to give zero contact 
angle. For wider sphere separations, the liquid bridges 
were formed by introducing the liquid with the spheres 
touching and then moving the spheres apart until seated. 

The volume of heptane in the bridge decreased by 
evaporation into the surrounding air until the bridge 
ruptured. The evaporation was held at a rate convenient 
for observation purposes by partially enclosing the liquid 
bridge assembly in a Lucite box containing a few drops 
of heptane. The observation period piior to rupture usu- 
ally ran from 1 to 5 min. The position of one side of the 
heptane-air interface was followed at ihe thinnest part of 
the bridge (that is, the neck) with the crosshairs of a 
traveling microscope. 

Instability was indicated by a rapid acceleration of the 
interface. Consecutive frames of a high-speed movie 
showed that the interface velocity changed from a few 
millimeters per minute just before rupture to at least 
20,000 mm./min. at rupture. The posit on of the interface 
with respect to the spheres at the onset of instability gave 
the minimum stable neck diameter. The distance of sep- 
aration between the spheres was measured accurately with 
the traveling microscope. Reproducibility was usually 
within k 0.01 mm. A plot of distance of separation versus 
neck diameter is shown in Figure 6. 

In the model study it was assumed that the liquid bridge 
had perfect symmetry. When the liquid bridges were 
viewed in the vertical plane with a cathetometer, it ap- 
peared that distortion of the bridge due to gravity would 
h'we only a minor effect on the experimental results, ex- 
cept perhaps for wider separations where the weight of 
liquid forming the bridge is relatively high. 

Because the bridge volume was decreased by evapora- 
tion, the temperature of the liquid bridge must have been 
slowly decreasing throughout the experiment. If the hep- 
tane held any small dust particles, these showed quite 
clearly the convection currents set up by the evaporative 
cooling. The convection served to keep the temperature 
uniform throughout the bridge. According to theory, the 
bridge shape and the limiting configuration of the bridge 
should, of course, be independent of temperature. Since 
the point of rupture, as indicated by a rapid inward ac- 
celeration of the interface, was distinct md reproducible, 
it seems safe to assume that the experimental results cor- 
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Fig. 5. Examples of dichotomy of solutions: solution A is stable, 
solution B is  not. 
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Fig. 6. Curves of constant volume in Neck Diameter sphere separa- 
tion plane. The maxima (squares) correspond to the limit of sta- 
bility shown by the broken line. Experimental determination of limit- 
ing stable neck diameter for vorious separations are plotted as 

circles. 

rc\ponded very closely to those that would be given by  
reversibly varying the liquid volume down to its limiting 
stable configuration. 

I N T E R P R E T A T I O N  OF E X P E R I M E N T S  ON SPHERES: 
BASIS FOR C O N J E C T U R E  

The neck diameter and sphere separation have been 
evaluated for points on constant volume curves in Figure 
4. These are plotted iri Figure 6. The locus of maxima of 
the constant volume curves (in Figure 6; is indicated 
by the broken lines lal,eled “locus of tangency” because 
i t  corresponds to the locus of tangency in Figure 4. 

The circles in Figure 6 arise from the experiments on 
stability described above. The locus of tangency (devel- 
oped by theory alone) can be seen to fit these circles 
very well, except for large bridge volumes where the 
slight disagreement could be put down to gravitational 
effects. This could easily be tested, for example, by ex- 
perimenting with spheres of smaller diameter. 

We will conjecture at this stage that the locus of 
tangency divides Figures 4 and 6 into two parts such that 
points on the right-hand side (and only on the right-hand 
side) of the locus correspond to physically realizable 
hridges. [In general, a point (In, 4,) specifies a bridge 
completely and, i n  particular, determines the volume and 
the separation. However, the point ( -1 ,  90 (leg.) is ex- 
ceptional since all cylindrical bridges with zero contact 
angle correspond to this point, whatever the separation.] 
This conjecture has experimental support from both our 
work and that of Mason and Clark, which we will now 
discuss. 

Mason and Clark (13)  have conducted somewhat dif- 
ferent experiments in which the cohesive force of liquid 
bridges was measured for a constant volume of liquid 
while the spheres were pulled apart from zero separation 
to a separation sufficient to break the bridge. In Figure 7 
their experimental force versus separation curves (broken 
lines) are compared with curves constructed by evaluating 
the cohesive force and separation according to our theory 
for points along constant volume curves (to the right of 
the locus of tangency) in Figure 4. Force curves con- 
structed by evaluating force and separation of points to 
the left of the locus of tangency do not agree with Mason 
and Clark‘s data. 

Near the point of breakage the force versus separation 
curves are quite similar for the experimental bridges and 
our theoretical bridges having nearly the same volume. 
For small separations the agreement is not so good. We 
feel that this is due to experimental difficulties, because 

I _ _ _ _  EXPERIMENTAL (MASON AND CLARK) 
-CALCULATE[ 

VOLUME 

, ?. I I 1 
0 I 2 3 4 5 6 

SEPARATION s ,(cm) 

Fig. 7. Separation versus cohesive force for bridges with volumes 
shown: the full lines are calculated according to our theory with the 
right hand end points (large dots) representing the limiting stable 

bridges. The broken lines are taken from Mason and Clark (13) .  

Mason and Clurk’s ( 1 3 )  data for the limiting case of zero 
separation differ significantly from the experimental data 
of Cross and Picknett (6 ) ,  which not only agree with 
our results but also with the forces calculated from the 
parameters given by Fisher ( 9 )  and by Melrose and 
Wallick (1 5) . 

It seems likely that our conjecture will turn out to be 
equivalerit to the requirement that the second variation 
of the integral ( 2 )  be non-negative for all variations which 
leave the integral ( 3 )  invariant, at any rate over the por- 
tion of Figure 4 corrcspontling to the experiments de- 
scribed above; this conjecture is precisely analogous to 
the geometrical critcrion shown by IIowe to provide neces- 
sary and sufficient conditions for an extremal to be 
minimizing for the problem of the finding the curve which 
generates simultaneously minimum area of revolution and 
a given volume of revolution. 
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NOTATION 

B = integration constant equal to twice the dimen- 

t l  = thickness of the thinnest part of a bridge between 

E ( k ,  0)  = Lagrange’s elliptic integral of the second kind 
I; = dimensionless cohesive force 
F ( k ,  e)  = Lagrange’s elliptic integral of the first kind 
J R  = tlimtnsionless mean curvature 
K = fuiictional representing surface energy of a bridge 
PI = pressure inside the bridge 
P2 = pressure outside the bridge 
(1 = surface area of liquid-vapor interface 
R = sphere radius 
rl, r2 = principal radii of curvature 
S = dimensioiiless surface area of liquid-vapor inter- 

.r = separation of two spheres 
V == dimensionless liquid volume of bridge 
X = dimensionless distance along line between centers 

x = distance along line between centers of spheres 
Y = dimensionless radial distance from axis of revolu- 

y = radial distance from axis of revolution 
G r e e k  Letters 

y = surface tension 

sionless cohesive force 

cylinders or in a torus 

face 

of spheres 

tion 
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S = contact angle 
A 
w + = filling angle 
L 

= Lagrange multiplier equal to JR 
= ratio of circumference to diameter of a circle 

= (area of revolution of the curve CAC” about the 
axis DO’) /4nR2. See Figure 3. 
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APPENDIX: ANALYTIC SOLUTION TO LIQUID 
BRIDGE PROBLEM 

The following equations are valid for the case 

n: 
+ + 6 & -  

2 

Note: The contact angle 6 is the positive angle measured from 
the solid-liquid to the liquid-vapor interface measured through 
the liquid. 

Y A  { ( 1 - k2) ksin n + 4k3 ,:sin n -‘ (sin3 n)/31 

C O S ~  $ 

3 
+ cos $ - - -2/3 

where 
~ ( k , n )  =$-k2sin2n 

11. Catenoid 
In this special case 

x =  - (M)sinZ$ - c o s ( $ + 6 )  

V = - ( M ) s i n 3 $ s i n ( $ + b )  - c o s ( + + 6 )  c 
+ sin2 ( $  + 6 )  In [ l  Yc:;:)6) I} 

, , , , I , ,  , , I ’  4- COS $ - ( 1/3) cos3 IC. - 2/3 
111. Unduloid 

Define 
A )  k = -YAJR - 1 

B )  rl = arcsin [ - -cos 1 (li. -,- 6) 1; 
k 

z =  (-+)2 

General Formula for the Neck Radius 

( 1/JR) {dl + JRsin $ [2sin( $ + 6)  + JRsin $3 - 1) : JR # 0 
y A =  { sin +sin (+  + 6 )  : J R  = 0 

2 K s i n r i + 2 E ( k , r i )  + ( k 2 -  l ) F ( k , r i )  
We now consider three cases: 
nodoid. (11) JR = 0, the bridge is a catenoid. (111) 

( I )  JR > 0, the bridge is a { 
v =  (&T 0 > IR, the bridge is an unduloid. 

I. Nodoid 
Define 

A)  S Z = d 2 -  ( + + a )  { - (4 /3) (1  - k2)F(k,ri)  + (7/3 + (1/3)k2)E(k, ri) 

+ ( k3 + 3k) sin ri + ( 4/3 ) k2 A( k, ri) sin ri cos ri 
C O S ~  $ 

- (4 /3 )Ps ina r i  +cos$---- 2/3 3 3 
{ksinQ + (1 - k2) F(k, n) - E(k, S Z ) }  + P where 

A ( k , r i )  = G l - k 2 s i n 2 r i  
YA 
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2 =  (iA 
{2kE( k, a) + k( kz - 1 )  F (  k, a) - 2k2sin S Z }  
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